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QUADRO-QUADRIC SPECIAL BIRATIONAL
TRANSFORMATIONS OF PROJECTIVE SPACES
ALBERTO ALZATI* AND JOSE´ CARLOS SIERRA**
Abstract. Special birational transformations Φ : Pr99KZ defined by quadric
hypersurfaces are studied by means of the variety of lines Lz ⊂ Pr−1 passing
through a general point z ∈ Z. Classification results are obtained when Z is
either a Grassmannian of lines, or the 10-dimensional spinor variety, or the E6-
variety. In the particular case of quadro-quadric transformations, we extend
the well-known classification of Ein and Shepherd-Barron coming from Zak’s
classification of Severi varieties to a wider class of prime Fano manifolds Z.
Combining both results, we get a classification of special birational transfor-
mations Φ : Pr99KZ defined by quadric hypersurfaces onto (a linear setion of)
a rational homogeneous variety different from a projective space and a quadric
hypersurface.
1. Introduction
We deal with birational transformations Φ : Pr99KZ from the complex projective
space onto a prime Fano manifold whose base locus X ⊂ Pr is a smooth irreducible
and reduced scheme of dimension n. According to the classical terminology of
Cremona transformations, these birational transformations are called special and
they have been recently studied in [1], extending some of the main results of [2],
[5] and [3]. In particular, complete classifications have been obtained in the cases
n = 1, n = 2 and r − n = 2.
In this paper, we consider special birational transformations defined by quadric
hypersurfaces. In this case, the techniques involved are different from those present
in [1]. This is due to a couple of facts:
- The secant lines of X ⊂ Pr are contracted by Φ, and hence the theory of secant
defective manifolds plays a central role in the study of X ⊂ Pr;
- Z is covered by lines, which allows us to adopt the strategy explained at the
end of this introduction.
Special Cremona transformations of type (2, 2) were classified in [5, Theorem
2.6] thanks to Zak’s classification of Severi varieties (see [31] or [32, Ch. IV]; see
also [18]). However, in view of [25, §4], it looks rather difficult to obtain complete
classification results on special Cremona transformations of type (2, b), or even to
construct new examples. This being said, assume now that Z is a prime Fano man-
ifold different from Pr. A bunch of examples of special birational transformations
of type (2, 1) is given by the orbit of the highest weight vector of an irreducible
representation of some algebraic groups, and is described in detail in [32, Ch. III,
Theorem 3.8]. More precisely, in these examples either X ⊂ P2n is a degenerate
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Segre embedding of P1 × Pn−1 ⊂ P2n−1 and Z ⊂ P(n
2+3n)/2 is the Plu¨cker embed-
ding of the Grassmannian of lines G(1, n+1), orX ⊂ P10 is a degenerate embedding
of G(1, 4) ⊂ P9 and Z ⊂ P15 is the minimal embedding of the 10-dimensional spinor
variety S4, or X ⊂ P
16 is a degenerate embedding of S4 ⊂ P
15 and Z ⊂ P26 is the
minimal embedding of the E6-variety. A series of examples of special birational
transformations of type (2, 2), that we call quadro-quadric in view of the classical
terminology, was given by Semple in [27]: the image of the quadric hypersurfaces
containing a rational normal scroll X ⊂ P2n+2 of degree n+3 is a Grassmannian of
lines G(1, n+ 2) ⊂ P(n
2+5n+4)/2. Moreover, if we restrict a special quadro-quadric
Cremona transformation Φ : Pr99KPr to a general hyperplane H ⊂ Pr we get a
special birational transformation Φ|H : P
r−1
99KZ ⊂ Pr onto a quadric hypersur-
face whose base locus X ⊂ Pr−1 is a hyperplane section of a Severi variety. On the
contrary, very few examples of special birational transformations of type (2, b) are
known for b ≥ 3 (cf. [1], [28] and [29]).
With this examples in mind, we prove the following results. On the one hand,
we get a classification of special birational transformations Φ : Pr99KZ defined
by quadric hypersurfaces when Z is either a Grassmannian of lines, or the 10-
dimensional spinor variety, or the E6-variety (see Theorems 1, 2 and 3). In par-
ticular, this extends some of the main results of [26] (see [26, Theorems 5.2 and
5.3]). On the other hand, extending the classification of quadro-quadric special
Cremona transformations, we get in Theorem 5 a classification of quadro-quadric
special birational transformations Φ : Pr99KZ when Z belongs to a wide class of
manifolds (namely LQEL-manifolds, see [25, Definition 1.1]) that includes, among
others, (linear sections of) rational homogeneous varieties. This is actually the core
of the paper. Combining both results, we get in Corollary 5 a classification of spe-
cial birational transformations Φ : Pr99KZ defined by quadric hypersurfaces when
Z is (a linear section of) a rational homogeneous variety different from a projective
space and a quadric hypersurface (cf. Remark 15).
The main strategy to prove these results comes from the study of uniruled va-
rieties carried out after [21] and [19], in the following way. Let z ∈ Z be a general
point and let z := Φ(p). Then Φ(〈p, x〉) ⊂ Z is a line passing through z for every
x ∈ X , so Z is covered by lines and we can consider the variety Lz ⊂ Pr−1 pa-
rameterizing lines passing through z ∈ Z. In this setting, we can see Lz ⊂ Pr−1 as
the variety of minimal rational tangents introduced by Hwang and Mok in [10] and
developed in a series of papers (for a detailed account of their results and applica-
tions to concrete geometric problems see for instance the surveys [11], [8], [20] and
[9]). Hence we can apply their basic philosophy in our context: namely, that many
problems on Z can be solved by using the projective geometry of Lz ⊂ Pr−1. This
approach, which has a more projective flavor, has been recently used by Ionescu
and Russo in [25], [12] and [13]. Finally, the description of X ⊂ Pr as a hyperplane
section of a Severi variety in the most difficult part of Theorem 5 (see Proposition
10) is achieved by putting together Zak’s ideas on the classification of Severi vari-
eties and Russo’s ideas on the study of secant defective LQEL-manifolds by means
of Lx ⊂ Pn−1 (see [25]).
2. Preliminaries and first results
Let f0, . . . , fα ∈ C[X0, . . . , Xr] be homogeneous polynomials of degree a ≥ 2.
Let Φ : Pr99KPα be the corresponding rational map, and let Z := Φ(Pr). We
assume that Z is smooth and that Φ : Pr99KZ is a birational map. Let Ψ : Z99KPr
be the inverse of Φ : Pr99KZ. Let X ⊂ Pr and Y ⊂ Z denote the the base
(also called fundamental) locus of Φ and Ψ, respectively. We assume that X is
a smooth irreducible and reduced scheme. We point out that X ⊂ Pr is allowed
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to be degenerate, i.e. contained in a hyperplane of Pr. Let n := dim(X) and
m := dim(Y ).
In [1], we studied the case in which Z is a manifold with cyclic Picard group
generated by the hyperplane section OZ(1) of Z ⊂ P
α. We obtained a complete
classification for n ∈ {1, 2}, m = {0, 1, 2} and r = n + 2, as well as some partial
results for n = 3. In this paper we focus on the case a = 2. Let W denote the
blowing-up of Pr along X , with projection maps σ : W → Pr and τ : W → Z such
that τ = Φ◦σ. A line L ⊂ Pr is a secant line of X if L 6⊂ X and length(X ∩L) ≥ 2.
Let SX ⊂ Pr denote the closure of the union of all the secant lines of X . In this
case, the secant lines of X ⊂ Pr are contracted by Φ, so we get the following:
Proposition 1. Let Φ : Pr99KZ be a special birational transformation defined by
quadric hypersurfaces. Then ρ(Z) ≤ 2 and equality holds if and only if X ⊂ Pr is
a linear subspace.
Proof. Consider the morphism τ :W → Z. As ρ(W ) = 2, we deduce ρ(Z) ≤ 2 and
equality holds if and only if τ is an isomorphism. This happens if and only if there
is no secant line of X ⊂ Pr, that is, if and only if X ⊂ Pr is a linear subspace. 
Therefore we can assume ρ(Z) = 1. Moreover, as Z is covered by lines, the
Picard group of Z is generated by the hyperplane section OZ(1) of Z ⊂ P
α. Let
H := σ∗OPr (1) and HZ := τ∗OZ(1). Let E be the exceptional divisor of σ :
W → Pr, and let EZ := τ−1(Y ) (scheme theoretically). Then EZ is irreducible and
reduced (see [1, Proposition 1]), so we get Hz = 2H − E and H = bHZ − EZ for
some integer b ≥ 1. In this setting, we say that Φ : Pr99KZ is a special birational
transformation of Pr of type (2, b). The useful remark given in [5, Proposition 2.3]
also holds in our setting:
Proposition 2. Notation as above:
(i) σ(EZ) = SX ⊂ Pr is a hypersurface of degree 2b− 1;
(ii) Let u ∈ σ(EZ ) be a general point. Then the union of all the secant lines of
X ⊂ Pr through u is an (r −m − 1)-plane that intersects X in a quadric
hypersurface.
Let δ := δ(X) denote the secant defect of X ⊂ Pr, that is, δ = 2n+1−dim(SX).
For any u ∈ SX , let Σu ⊂ X denote the entry locus of u, that is, the closure of
the set {x ∈ X | ∃x′ ∈ X with u ∈ 〈x, x′〉}. We recall that dim(Σu) = δ for general
u ∈ SX . Then we immediately get from Proposition 2:
Corollary 1. Notation as above:
(i) r = 2n+ 2− δ;
(ii) Σu ⊂ Pδ+1u is a quadric hypersurface for general u ∈ SX and m = 2n− 2δ.
Remark 1. Furthermore, we also deduce from the proof of [5, Proposition 2.3]
that Σv = Σu for every v ∈ P
δ+1
u − Σu.
Remark 2. Manifolds X ⊂ Pr for which Σu ⊂ Pδ+1u is a quadric hypersurface for
general u ∈ SX have been studied by several authors. According to the terminology
introduced in [25], we will say that X ⊂ Pr is a QEL-manifold.
Let us compute the index i := i(Z) of the prime Fano manifold Z:
Proposition 3. Let Φ : Pr99KZ be a special birational transformation of type (2, b).
Then i = n+ 2 + (b− 1)(δ + 1).
Proof. It follows from [1, Proposition 3] and Corollary 1(i). 
We can deduce several numerical constraints from Proposition 3 and Corollary
1(i). For instance, we easily get the following results:
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Proposition 4. Let Φ : Pr99KZ be a special birational transformation of type (2, b).
If Z is (a codimension-s linear section of) the Grassmannian of lines G(1, q + 1)
then one of the following holds:
(i) b = 1, δ = 2− s, s ∈ {0, 1, 2}, n = q − s;
(ii) b = 2, δ = 0, s = 0, n = q − 1.
Proof. In this case r = 2q− s = 2n+2− δ and i = q+2− s = n+2+(b− 1)(δ+1),
so the statement follows from a simple computation. 
Proposition 5. Let Φ : Pr99KZ be a special birational transformation of type (2, b).
If Z is (a codimension-s linear section of) the 10-dimensional spinor variety S4 then
one of the following holds:
(i) b = 1, δ = 4− s, s ∈ {0, 1, 2, 3, 4}, n = 6− s;
(ii) b = 2, δ = 0, s = 2, n = 3;
(iii) b = 3, δ = 0, s = 0, n = 4.
Proof. In this case r = 10− s = 2n+ 2− δ and i = 8− s = n+ 2+ (b − 1)(δ + 1),
so the statement follows from a simple computation. 
Proposition 6. Let Φ : Pr99KZ be a special birational transformation of type (2, b).
If Z is (a codimension-s linear section of) the E6-variety then one of the following
holds:
(i) b = 1, δ = 6− s, s ∈ {0, 1, 2, 3, 4, 5, 6}, n = 10− s;
(ii) b = 2 and either δ = 0, s = 4, n = 5, or else δ = 1, s = 1, n = 7;
(iii) b = 3, δ = 0, s = 2, n = 6;
(iv) b = 4, δ = 0, s = 0, n = 7.
Proof. In this case r = 16− s = 2n+ 2− δ and i = 12− s = n+ 2+ (b− 1)(δ+ 1),
so the statement follows from a simple computation. 
Remark 3. By codimension-s linear section we mean a codimension-s subvariety
of G(1, q+ 1) (resp. S4 and E6) obtained by intersecting G(1, q + 1) (resp. S4 and
E6) with a suitable codimension-s linear subspace in the ambient projective space
of G(1, q + 1) (resp. S4 and E6).
Remark 4. The fact of considering special birational transformations onto (linear
sections of) Grassmannians of lines, the 10-dimensional spinor variety and the E6-
variety might seem rather arbitrary at the moment. The reader will understand
the motivation of considering these (linear sections of) secant defective rational
homogeneous varieties in what follows.
2.1. The variety of lines passing through a general point of Z. Let z ∈ Z
be a general point and let z := Φ(p). As p ∈ Pr −SX then 〈p, x〉 ∩X = x for every
x ∈ X , so we deduce that Φ(〈p, x〉) ⊂ Z is a line passing through z for every x ∈ X
and that Z ⊂ Pα is covered by lines. Let L be an irreducible covering family of
lines in Z of maximal dimension, and Lz ⊂ L denote the variety of lines passing
through a general point z ∈ Z. In particular, the above argument gives an inclusion
X ⊂ Lz. In this setting, we can see L as a minimal rational component of the Chow
space of Z and Lz ⊂ Pr−1 as the variety of minimal rational tangents studied by
Hwang and Mok in a series of papers. We refer to [11], [8], [20] and [9] for a nice
account. Their basic philosophy applied in our context says that many problems on
Z can be solved by using the projective geometry of Lz ⊂ Pr−1, as Lz is expected
to be simpler than Z. In the sequel, we will get some results (namely Theorems 1,
2, 3 and 5, as well as Corollary 5) by applying this principle in our setting. The
following result has several consequences:
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Proposition 7. If Φ : Pr99KZ is a special birational transformation defined by
quadric hypersurfaces then X ⊂ Pr is embedded in Lz ⊂ Pr−1 by the linear projec-
tion pip : X → Pr−1 from p ∈ Pr − SX.
Proof. We can assume p = (1 : 0 : · · · : 0), z = (1 : 0 : · · · : 0) and TzZ ⊂ P
α
defined by {Zr+1 = · · · = Zα = 0}, where TzZ is the embedded tangent projective
space to Z ⊂ Pα at z and (Z0 : · · · : Zα) are the coordinates of Pα. Therefore we
can assume that fi = X0Xi+ gi with gi ∈ C[X1, . . . , Xr] for i ∈ {0, . . . , r} and that
fj ∈ C[X1, . . . , Xr] for j ∈ {r+1, . . . , α}, where (X0 : · · · : Xr) are the coordinates
of Pr. Note that the line Φ(〈p, x〉) ⊂ Z is the line corresponding to the coordinates
(X1 : · · · : Xr) of the Pr−1 giving the lines in TzZ passing through z. Hence X ⊂ Pr
is embedded in Lz ⊂ Pr−1 by the linear projection pip : X → Pr−1 from p. 
Notation 1. According to Proposition 7, we will denote by Xp the projection of
X by pip. So we get Xp ⊂ Lz ⊂ Pr−1.
Remark 5. Let tz : Z99Ktz(Z) ⊂ Pα−r−1 denote the tangential projection of
Z ⊂ Pα from TzZ. Then the composition tz ◦ Φ : P
r
99Ktz(Z) is given by the
quadratic polynomials fj ∈ C[X1, . . . , Xr], where j ∈ {r + 1, . . . , α}, so it induces
a map Pr−199Ktz(Z). Note that Lz ⊂ Pr−1 is contained in the base scheme of
fr+1, . . . , fα, and recall that dim(tz(Z)) = dim(Z)− δ(Z).
Corollary 2. If Φ : Pr99KZ is a special birational transformation of type (2, b) and
z ∈ Z is a general point then:
(i) Lz ⊂ P
r−1 is smooth and non-degenerate;
(ii) dim(Lz) = n+ (b− 1)(δ + 1);
(iii) SLz = Pr−1 and δ(Lz) = 2b− 2 + (2b− 1)δ;
(iv) if b = 1 then X ⊂ Pr is a degenerate embedding and Lz ⊂ Pr−1 is projec-
tively equivalent to X ⊂ Pr−1;
(v) Lz is irreducible;
(vi) if b ≥ 2 then Lz has cyclic Picard group unless b = 2 and δ = 0;
(vii) if b ≥ 2 then Z is covered by planes; furthermore, if b = 2 then Lz ⊂ Pr−1 is
covered by lines, so in particular it is a prime Fano manifold unless δ = 0.
Proof. (i) The smoothness of Lz follows, for instance, from [8, Proposition 1.5]),
and the non-degeneracy of Lz ⊂ Pr−1 follows from Propositions 2(i) and 7 (cf. [8,
Theorem 2.5]).
(ii) Let l ∈ L, and let L ⊂ Z denote the corresponding line. A standard
deformation argument shows that i(Z) = −KZ · L = 2 + dim(Lz), and hence
dim(Lz) = n+ (b − 1)(δ + 1) by Proposition 3.
(iii) As SX ⊂ Pr is a hypersurface by Proposition 2(i), we get SXp = Pr−1 and
hence SLz = P
r−1. Since r = 2n + 2 − δ by Corollary 1(i) and SLz = P
r−1, a
simple computation shows that δ(Lz) = 2b− 2 + (2b− 1)δ.
(iv) If b = 1 then SX = Pr−1 by Proposition 2(i), so X ⊂ Pr is a degenerate
embedding and Lz ⊂ Pr−1 is projectively equivalent to X ⊂ Pr−1 by Proposition
7.
(v) If b = 1 then Lz is irreducible by (iv), so we can assume b ≥ 2. We deduce
from [8, Theorem 1.3] that Lz is equidimensional. As Lz is smooth and 2 dim(Lz) ≥
r − 1 we get that Lz is irreducible.
(vi) If b ≥ 2 then δ(Lz) = 2b − 2 + (2b− 1)δ ≥ 3 unless b = 2 and δ = 0, so we
conclude by the Barth and Larsen theorems.
(vii) Let S2X ⊂ Pr denote the closure of the union of the 3-secant planes of
X ⊂ Pr. As SX ⊂ Pr is a non-linear hypersurface by Proposition 2(i), we deduce
SX ( S2X = Pr. Therefore, for every p ∈ Pr − SX there passes a 3-secant plane
of X which is mapped by Φ onto a plane contained in Z, and hence Z is covered
6 ALBERTO ALZATI AND JOSE´ CARLOS SIERRA
by planes. If b = 2, as a general line of Z passing through z corresponds to a
3-secant conic of X in Pr passing through p (and hence it is contained in a plane of
Z through z), we deduce that Lz ⊂ Pr−1 is covered by lines. Combined with (vi),
this gives the last assertion. 
Remark 6. Corollary 2, (vi) and (vii), is sharp. If Φ : P2n+299KG(1, n+ 2) is the
special birational transformation of type (2, 2) given by the quadric hypersurfaces
defining a rational normal scroll of degree n + 3 (see [27]) then Lz = P1 × Pn.
On the other hand, if Φ : P499KZ is the special birational transformation of type
(2, 1) given by the quadric hypersurfaces defining a twisted cubic (see [1, Theorem
4(III)]) then Z is a codimension-2 linear section of G(1, 4) which is not covered by
planes.
2.2. Some classification results. According to the above section, we are able to
classify some special quadratic birational transformations Φ : Pr99KZ when Z is
a concrete prime Fano manifold (namely a Hermitian symmetric space) for which
Lz ⊂ Pr−1 is well known (see for instance [8, §1.4.5]):
Theorem 1 (cf. [26, Theorems 5.2 and 5.3]). Let Φ : Pr99KG(1, r/2 + 1) be a
special birational transformation of type (2, b) onto a Grassmannian of lines. Then
one of the following holds:
(i) b = 1 and X ⊂ P2n is a degenerate Segre embedding of P1 × Pn−1;
(ii) b = 2 and X ⊂ P2n+2 is a rational normal scroll of degree n+ 3.
Proof. In view of Proposition 4, we consider first the case b = 1, δ = 2 and r = 2n.
In this case, X ⊂ P2n−1 is projectively equivalent to Lz ⊂ P2n−1 by Corollary 2(iv).
Therefore X ⊂ P2n is a degenerate Segre embedding of P1 × Pn−1 ⊂ P2n−1.
Assume now b = 2, δ = 0 and r = 2n+ 2. Let Xp ⊂ Lz = P
1 × Pn ⊂ P2n+1 (cf.
Notation 1), and let p′ ∈ P2n+1 be a general point. The entry locus of p′ (relative to
Lz) is a 2-dimensional quadric Σp′ ⊂ P3p′ intersecting Xp in a curve Cp′ ⊂ P
3
p′ . Let
P4pp′ := 〈p,P
3
p′〉, and let Cpp′ := pi
−1
p (Cp′). Then Φ : P
2n+2
99KG(1, n+ 2) restricted
to P4pp′ ⊂ P
2n+2 is a birational transformation onto a smooth 4-dimensional quadric
hypersurface φ(P4pp′ ) ⊂ G(1, n + 2), namely a fibre of the tangential projection of
G(1, n+ 2) onto G(1, n) (see Remark 5). Repeat the construction taking a general
p′′ ∈ P2n+1 such that Σp′ ∩ Σp′′ is a line (note that this is always possible). Then
P4pp′ ∩ P
4
pp′′ is a plane, say P
2, and hence Φ(P2) ⊂ G(1, n + 2) is also a plane,
namely the intersection of the 4-dimensional quadric hypersurfaces Φ(P4pp′) and
Φ(P4pp′′) of G(1, n+ 2). As Σp′ ∩ Σp′′ ∩Xp is a finite subscheme Λ of length λ and
Φ|P2 : P
2
99KΦ(P2) is a Cremona transformation of type (2, 2), we get λ = 3. Since
deg(SX) = 3, we deduce that deg(SCpp′) = 3 and that Cpp′ ⊂ P4pp′ is a rational
normal quartic curve (cf. [1, Theorem 4(II)]). Therefore Cp′ ⊂ Σp′ (and hence
Xp ⊂ Lz = P
1 × Pn) is a divisor of type (1, 3), so X ⊂ P2n+2 is a rational normal
scroll of degree n+ 3. 
In a similar way, we can prove the following results:
Theorem 2. Let Φ : P1099KS4 be a special birational transformation of type (2, b)
onto the 10-dimensional spinor variety. Then b = 1 and X ⊂ P10 is a degenerate
Plu¨cker embedding of G(1, 4).
Proof. In view of Proposition 5, we consider first the case b = 1, δ = 4 and n = 6.
In this case, X ⊂ P9 is projectively equivalent to Lz ⊂ P9 by Corollary 2(iv).
Therefore X ⊂ P10 is a degenerate Plu¨cker embedding of G(1, 4) ⊂ P9.
Assume now b = 3, δ = 0 and n = 4. Let Xp ⊂ Lz = G(1, 4) ⊂ P9 (cf.
Notation 1), and let p′ ∈ P9 be a general point. The entry locus of p′ (relative to
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Lz) is a 4-dimensional quadric hypersurface Σp′ ⊂ P5p′ intersecting Xp in a surface.
Let P6pp′ := 〈p,P
5
p′〉. Then Φ : P
10
99KS4 restricted to P
6
pp′ ⊂ P
10 is a birational
transformation onto a smooth 6-dimensional quadric hypersurface Φ(P6pp′) ⊂ S4,
namely a fibre of the tangential projection of S4 onto P
4 (see Remark 5). Repeat
the construction taking a general p′′ ∈ P9 such that Σp′ ∩ Σp′′ is a plane (in this
case, the condition on p′′ is automatic). Then P6pp′ ∩ P
6
pp′′ is a linear P
3 and hence
Φ(P3) ⊂ S4 is also a linear P3, namely the intersection of the 6-dimensional quadric
hypersurfaces Φ(P6pp′) and Φ(P
6
pp′′) of S4. As Σp′ ∩ Σp′′ ∩Xp is a finite subscheme
Λ, the Cremona transformation Φ|P3 : P
3
99KΦ(P3) induces a small contraction from
the blowing-up of P3 along pi−1p (Λ) onto Φ(P
3), and we get a contradiction since
Φ(P3) would be singular. 
Theorem 3. Let Φ : P1699KE6 be a special birational transformation of type (2, b)
onto the E6-variety. Then b = 1 and X ⊂ P16 is a degenerate minimal embedding
of S4.
Proof. In view of Proposition 6, we consider first the case b = 1, δ = 6 and n = 10.
In this case, X ⊂ P15 is projectively equivalent to Lz ⊂ P15 by Corollary 2(iv).
Therefore X ⊂ P16 is a degenerate minimal embedding of S4 ⊂ P15.
Assume now b = 4, δ = 0 and n = 7. Let Xp ⊂ Lz = S4 ⊂ P
15 (cf. No-
tation 1), and let p′ ∈ P15 be a general point. The entry locus of p′ (relative
to Lz) is a 6-dimensional quadric hypersurface Σp′ ⊂ P7p′ intersecting Xp in a 3-
dimensional subvariety. Let P8pp′ := 〈p,P
7
p′〉. Then Φ : P
16
99KE6 restricted to
P8pp′ ⊂ P
16 is a birational transformation onto a smooth 8-dimensional quadric hy-
persurface Φ(P8pp′) ⊂ E6, namely a fibre of the tangential projection of E6 onto
an 8-dimensional quadric hypersurface (see Remark 5). Repeat the construction
taking a general p′′ ∈ P15 such that Σp′ ∩ Σp′′ is a P3 (note that this is always
possible). Then P8pp′ ∩ P
8
pp′′ is a linear P
4 and hence Φ(P4) ⊂ E6 is also a linear
P4, namely the intersection of the 8-dimensional quadric hypersurfaces Φ(P8pp′) and
Φ(P8pp′′) of E6. As Σp′ ∩ Σp′′ ∩Xp is a finite subscheme, we get a contradiction as
in Theorem 2. 
Remark 7. We point out that the Grassmannians of lines, the 10-dimensional
spinor variety S4 and the E6-variety are the only secant defective irreducible Her-
mitian symmetric spaces different from projective spaces and quadric hypersurfaces.
As the image of a special birational transformation Φ : Pr99KZ of type (2, b) is se-
cant defective (see Lemma 1), Theorems 1, 2 and 3 give the classification of special
birational transformations Φ : Pr99KZ of type (2, b) onto an irreducible Hermitian
symmetric space Z different from a projective space and a quadric hypersurface.
According to Propositions 4, 5 and 6, it is natural to classify the special birational
transformations of type (2, b) onto codimension-s linear sections of the above ra-
tional homogeneous varieties. In order to get shorter proofs, we will obtain this
classification in Corollary 5 as a consequence of our more detailed study of the
(2, 2) case.
3. The quadro-quadric case
Let Φ : Pr99KPr be a special Cremona transformation of type (2, b). Then we
get from Proposition 3 that n = b(δ + 1)− 2. Therefore
δ(Pr) = r + 1 = 2n+ 3− δ = 2b− 1 + (2b− 1)δ
On the other hand, for special birational transformations Φ : Pr99KZ of type
(2, b) with Z 6= Pr we get the following:
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Lemma 1. Let Φ : Pr99KZ be a special birational transformation of type (2, b).
If Z 6= Pr then δ(Z) ≥ 2b + (2b − 1)δ, and equality holds if and only if Z is an
LQEL-manifold.
Proof. As Z is a conic-connected manifold, it follows from [14, Proposition 3.2(i)-
(ii)] that 2i(Z) ≤ dim(Z)+δ(Z) with equality if and only if Z is an LQEL-manifold.
So we conclude in view of Corollary 1(i) and Proposition 3. 
Remark 8. From this point of view, the next natural case to consider after the
special Cremona transformations is the extremal case in which δ(Z) = 2b+(2b−1)δ,
or equivalently, the case in which Z is an LQEL-manifold. We recall that Z is said
to be an LQEL-manifold if there exists a δ(Z)-dimensional quadric hypersurface
passing through any two general points z, z′ ∈ Z (see [25, Definition 1.1]). Due to
the lack of examples, secant defective LQEL-manifolds are expected to be nothing
but non-linearly normal secant defective QEL-manifolds.
Let us recall the following result of Ein and Shepherd-Barron:
Theorem 4. [5, Theorem 2.6] If Φ : Pr99KPr is a special Cremona transformation
of type (2, 2) then X ⊂ Pr is a Severi variety.
To the best of the authors’ knowledge, the only examples of special birational
transformations Φ : Pr99KZ of type (2, 2) onto a prime Fano manifold Z 6= Pr are
the following:
Example 1 (see [27]). Let X ⊂ P2n+2 be a rational normal scroll of degree n+ 3.
The quadric hypersurfaces passing through X define a special birational transfor-
mation of type (2, 2) onto a Grassmannian of lines G(1, n+ 2) ⊂ P(n
2+5n+4)/2.
Example 2. Let Φ : Pr99KPr be a special Cremona transformation as in Theorem
4. The restriction to a general hyperplane H ⊂ Pr gives a special birational trans-
formation Φ : Pr−199KZ ⊂ Pr of type (2, 2) onto a smooth quadric hypersurface of
Pr.
The main result of the paper, generalizing Theorem 4 as suggested by Remark
8, is the following:
Theorem 5. Let Φ : Pr99KZ be a special birational transformation of type (2, 2).
If Z 6= Pr then δ(Z) ≥ 4 + 3δ, and equality holds (or equivalently, and Z is a
LQEL-manifold) if and only if one of the following holds:
(i) X ⊂ P2n+2 is a rational normal scroll of degree n+3 and Z = G(1, n+2);
(ii) X ⊂ Pr is a hyperplane section of a Severi variety and Z ⊂ Pr+1 is a
quadric hypersurface.
Remark 9. If Φ : Pr99KZ is a special birational transformation of type (2, 2) and
δ > 0 then Lz ⊂ P
r−1 is a prime Fano manifold covered by lines by Corollary 2(vii).
For a general z ∈ Z, the family of lines contained in Lz ⊂ Pr−1 corresponds to the
family of planes in Z passing through z. The key point in the proof of Theorem 5
is the computation of the index of Lz given in Corollary 4. To this aim, we have
to study the family of planes contained in Z.
3.1. The family of planes in Z. If Φ : Pr99KZ is a special birational transfor-
mation of type (2, b) and b ≥ 2 then Z is covered by planes (see Corollary 2(vii)).
Moreover, if b = 2 and P2 ⊂ Z is a plane not contained in Y ⊂ Z and not contracted
by Ψ := Φ−1 then a case-by-case analysis gives the following:
Lemma 2. Let Φ : Pr99KZ be a special birational transformation of type (2, 2),
and let P2 ⊂ Z be a plane not contained in Y ⊂ Z and not contracted by Ψ. Then
one of the following holds:
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(i) P2 ∩ Y is a line and Ψ(P2) is a plane intersecting X ⊂ Pr in a line;
(ii) length(P2 ∩ Y ) = 3 and Ψ(P2) is a plane such that length(Ψ(P2)∩X) = 3;
(iii) length(P2 ∩ Y ) = 2 and Ψ(P2) is a quadric in P3 intersecting X ⊂ Pr in a
conic and a point off the conic;
(iv) length(P2 ∩ Y ) = 1 and Ψ(P2) is a smooth rational normal scroll in P4
intersecting X ⊂ Pr in a smooth rational quartic curve;
(v) P2 ∩ Y = ∅ and Ψ(P2) is a Veronese surface in P5 intersecting X ⊂ Pr in
a sextic curve of arithmetic genus pa = 1.
Now we deduce the existence of smooth rational quartic and elliptic sextic curves
on a secant defective LQEL-manifold from the existence of conics, and we compute
the dimension of these families of curves. We will use the standard terminology
from the theory of deformations of rational curves in what follows (see for instance
[17] and [4]):
Proposition 8. If X ⊂ Pr is an LQEL-manifold of secant defect δ > 0 then:
(i) There exists an irreducible family C of 1-free conics on X of dimension
2n+ δ − 3 whose general member C ∈ C is smooth;
(ii) There exists an irreducible family Q of 2-free rational quartic curves on X
of dimension 3n+ 2δ − 3 whose general member Q ∈ Q is smooth;
(iii) There exists an irreducible family E of 2-free elliptic sextic curves on X of
dimension 3n+ 3δ whose general member E ∈ E is smooth.
Proof. Part (i) is well known (see for instance [25, Theorem 2.1(2)]). Let C1 ∪ C2
be the rational tree on X consisting of the union of two 1-free conics C1 and C2
meeting at a point. Since Ci are 1-free we deduce from [4, Proposition 4.24], by
taking r1 = 2 and r2 = 1, that C1 ∪C2 is smoothable into a 2-free rational quartic
curve Q ⊂ X . As −KX · Ci = n + δ (see for instance [25, Theorem 2.1(5)]),
we deduce −KX · Q = 2n + 2δ. Then the family of deformations of Q in X has
dimension dim(Mor(Q,X))− dim(Aut(Q)) = −KX ·Q+dim(X)− 3 = 3n+2δ− 3
(see for instance [4, Theorem 2.6 and 2.11]). This gives (ii). Now let C ∪ Q be
the sextic curve on X with pa = 1 consisting of the union of a 1-free conic C
and a 2-free quartic rational curve Q meeting at two points, which is smoothable
inside a Veronese surface. Then we can argue exactly as in [4, Proposition 4.24] to
deduce that C ∪ Q is smoothable into a 2-free sextic elliptic curve E ⊂ X (take
rC = 2 and rQ = 1 and note that the key point is that H
1(C, TX ⊗ OP1(−2)) =
H1(Q, TX ⊗ OP1(−3)) = 0). Then the family of deformations of E in X has
dimension dim(Mor(E,X)) − dim(Aut(E)) = −KX · E − 1 = 3n + 3δ − 1. Since
every isomorphism class of elliptic curves appears in the smoothing of C ∪ Q, we
get (iii). 
Remark 10. Proposition 8 is sharp, as the following example shows. For n ≥ 3,
let X ⊂ Pr be (a linear projection of) the 2-Veronese embedding of Pn. Then the
family of rational quartic curves (resp. elliptic sextic curves) in X , corresponding
to the family of conics (resp. plane cubic curves) in Pn, is 2-free but not 3-free.
Corollary 3. Let Φ : Pr99KZ be a special birational transformation of type (2, 2),
and let Pλ denote the family of planes in Z intersecting Y ⊂ Z in a finite subscheme
of length λ ∈ {0, 1, 2, 3}. Then dim(P3) = 3n, and if δ > 0 then dim(Pλ) ≤
3n+ (3− λ)δ for λ ∈ {0, 1, 2}.
Proof. It is obvious from Lemma 2(ii) that dim(P3) = 3n, so we assume δ > 0 and
we start with P2. According to Lemma 2(iii), elements of P2 correspond to quadrics
in P3 intersecting X ⊂ Pr in a conic and a point off the conic. The dimension of
the family of subschemes of X consisting of a conic and a point off the conic has
dimension 3n+ δ − 3 by Proposition 8(i). So we deduce that dim(P2) ≤ 3n+ δ by
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observing that the family of quadrics in P3 containing a fixed subscheme consisting
of a conic and a point off the conic has dimension 3.
Now we study P1. Since elements of P1 correspond to smooth rational normal
scrolls in P4 intersecting X ⊂ Pr in a smooth rational quartic curve by Lemma
2(iv), and dim(Q) = 3n + 2δ − 3 by Proposition 8(ii), it is enough to show that
given a rational normal quartic Q ⊂ P4 the family of smooth rational normal scrolls
in P4 containing Q has dimension 3. A smooth rational normal scroll S1,2 ⊂ P4 is
isomorphic to F1 embedded by |C0 + 2f |. Then Q = C0 + 3f , as Q · f = 1 and
Q · C0 = 2 since the (−1)-line is the only secant line to Q in S1,2 corresponding
to the unique point in Y of the element of P1. Therefore every S1,2 containing Q
corresponds to a secant line L of Q, which plays the role of C0, and an isomorphism
L ∼= Q keeping fixed the two points L∩Q. So the family of rational normal scrolls
in P4 containing Q has dimension 3, and hence dim(P1) ≤ 3n+ 2δ.
Finally, we consider P0. Since elements of P0 correspond to Veronese surfaces in
P5 intersecting X ⊂ Pr in a sextic curve of pa = 1 by Lemma 2(v), and dim(E) =
3n+3δ by Proposition 8(iii), it is enough to show that given an elliptic normal sextic
E ⊂ P5 the family of Veronese surfaces in P5 containing E is finite. The dimension
of the Hilbert scheme of elliptic sextic curves (resp. Veronese surfaces) in P5 is 36
(resp. 27) and every Veronese surface contains a P9 of elliptic sextic curves, so it is
enough to show that an elliptic sextic curve E is contained in a Veronese surface,
and this is done by taking a plane cubic curve isomorphic to E and considering the
Veronese embedding of the corresponding plane. Therefore dim(P0) ≤ 3n+3δ. 
Remark 11. In Corollary 3 one can actually prove that furthermore dim(Pλ) =
3n + (3 − λ)δ and that Pλ is a covering family of planes in Z for λ ∈ {1, 2, 3},
but it seems more difficult to prove the same for λ = 0. On the other hand, the
picture looks different when δ = 0. For instance, if X ⊂ P4 is a rational quartic
curve and Φ : P499KZ is the corresponding special birational transformation of
type (2, 2) onto a quadric hypersurface of P5 then Y ⊂ Z is a Veronese surface,
dim(P1) = dim(P3) = 3, and P0 = P2 = ∅.
Now we can estimate the index of Lz when δ > 0. We know from Corollary
2(vii) that Lz is a prime Fano manifold which is covered by lines. Let Mz be
a covering family of lines in Lz of maximal dimension, and let λZ := min{λ |
Pλ is a covering family of planes in Z} (cf. Remark 11).
Corollary 4. Let Φ : Pr99KZ be a special birational transformation of type (2, 2).
If δ > 0 then dim(Mz) ≤ n + (4 − λZ)δ for general z ∈ Z. Equivalently, i(Lz) ≤
2 + (3− λZ)δ for general z ∈ Z.
Proof. Let z ∈ Z and l ∈ Lz be general points. Let L ⊂ Z be the line corresponding
to l. As L ∩ Y = ∅ then Mz corresponds to the members of PλZ passing through
z, that is, the family of planes intersecting Y ⊂ Z in a line (see Lemma 2(i)) does
not produce a covering family of lines of Lz . Therefore dim(Mz) = dim(PλZ )+2−
dim(Z) ≤ 3n+(3−λZ)δ+2−(2n+2−δ) = n+(4−λZ)δ. LetMzl ⊂M
z denote the
variety of lines passing through l ∈ Lz, so dim(Mzl ) = dim(M
z) + 1 − dim(Lz) ≤
n+ (4− λZ)δ + 1− (n+ 1 + δ) = (3− λZ)δ. As i(Lz) = 2 + dim(Mzl ), we deduce
i(Lz) ≤ 2 + (3 − λZ)δ. 
3.2. Proof of the main result. We are now in position to prove Theorem 5. The
proof is divided into two cases, namely δ = 0 and δ > 0:
Proposition 9. Let Φ : Pr99KZ be a special birational transformation of type
(2, 2). If δ = 0 and δ(Z) = 4 (or equivalently, and Z is an LQEL-manifold) then
X ⊂ P2n+2 is a rational normal scroll of degree n+ 3 and Z = G(1, n+ 2).
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Proof. Let z ∈ Z be a general point. Consider Lz ⊂ P2n+1 the variety of lines
passing through z. We claim that Lz is the Segre embedding of P1 × Pn. Since we
assume δ(Z) = 4 (or equivalently, since we assume that Z is an LQEL-manifold)
we get that Lz ⊂ P
2n+1 is a QEL-manifold (see for instance [25, Theorem 2.3(3)])
of dimension n+1 with δ(Lz) = 2 by Corollary 2. According to [15, Theorem 2.2],
it is enough to show that Lz is not a prime Fano manifold. To get a contradiction,
assume Pic(Lz) = Z〈HLz 〉. Let u ∈ P
2n+1 be a general point and let Σu ⊂ P3u
denote the corresponding entry locus (Σu is a 2-dimensional quadric). Arguing as
in Theorem 1, and having in mind that Xp ⊂ Lz is a divisor, we get that Xp ∩Σu
is a (1, 3)-curve, whence contradicting the assumption on Pic(Lz). Therefore Lz =
P1 × Pn ⊂ P2n+1, and we conclude as in Theorem 1 that X ⊂ P2n+2 is a rational
normal scroll of degree n+ 3. So, in particular, Z = G(1, n+ 2). 
Proposition 10. Let Φ : Pr99KZ be a special birational transformation of type
(2, 2). If δ > 0 and δ(Z) = 4 + 3δ (or equivalently, and Z is an LQEL-manifold)
then X ⊂ Pr is a hyperplane section of a Severi variety and Z ⊂ Pr+1 is a quadric
hypersurface.
Proof. Since δ(Z) = 4+3δ (or equivalently, since Z is an LQEL-manifold) we deduce
that Lz ⊂ P2n+1−δ is a prime Fano QEL-manifold such that dim(Lz) = n+ 1 + δ
and δ(Lz) = 2+3δ by Corollary 2. So i(Lz) = (dim(Lz)+δ(Lz))/2 = (n+3+4δ)/2
and we deduce from Corollary 4 that δ ≥ (n−1)/2. On the other hand, as SX 6= Pr
we get from [32, Ch. II, Corollary 2.11] that δ ≤ n/2, and equality holds if and
only if X ⊂ Pr is a Severi variety. In that case Z = Pr (cf. [5, Theorem 2.6]), so
we get δ = (n − 1)/2. Therefore X ⊂ Pr is expected to be a hyperplane section
of a Severi variety according to [32, Ch. IV, Remark 5.16]. We provide a proof
of this statement combining some ideas of [32] and [25] in our particular setting.
Since deg(SX) = 3 we deduce from [15, Theorem 2.2] that either X ⊂ Pr is a
prime Fano manifold of index i(X) = (n + δ)/2, or else n = 3 and X ⊂ P7 is a
hyperplane section of the Severi variety P2 × P2. In the first case n ≡ 3 (mod 4),
so we can assume n ≥ 7 by [6] and hence δ ≥ 3. Therefore we deduce from the
Divisibility Property [25, Theorem 2.8(2)] that 2(n−3)/4 divides (n+1)/2, and hence
(n, δ) ∈ {(7, 3), (15, 7)}.
If (n, δ) = (7, 3) then i(X) = 5, so we deduce from Mukai’s classification of Fano
manifolds of coindex 3 that X ⊂ P13 is a hyperplane section of the Severi variety
G(1, 5) ⊂ P14 (see [22]).
If (n, δ) = (15, 7) we argue in a different way. Let Lx ⊂ P14 denote the variety
of lines passing through a general point x ∈ X . Then dim(Lx) = i(X) − 2 =
(n+ δ)/2−2 = 9 and δ(Lx) = 5, whence i(Lx) = (9+5)/2 = 7 and hence Lx ⊂ P14
is a hyperplane section of the spinor variety S4 ⊂ P
15 by Mukai’s classification.
Let us show that X ⊂ P25 is a hyperplane section of the Severi variety E6 ⊂
P26. Now we essentially argue as in [32, Ch. IV, §4]. For general u ∈ SX ,
let Σu ⊂ P8u be the entry locus of u. Then Σu is a 7-dimensional quadric by
Proposition 2(ii). Furthermore, Σu is smooth (see [23, Proposition 2.4]; see also [7]).
Consider the linear projection P2599KP16 from P8u and the restriction pi : X99Kpi(X).
We claim that every fibre of pi is linear. Let x, x′ ∈ X be any two points such
that pi(x) = pi(x′), and let 〈x, x′〉 be the line joining x and x′. Consider the
point pu(xx
′) := 〈x, x′〉 ∩ P8u. If pu(xx
′) /∈ Σu then x, x
′ ∈ Σu (cf. Remark
1), giving a contradiction. Therefore pu(xx
′) ∈ Σu, and hence 〈x, x′〉 ⊂ X since
X ⊂ P25 is defined by quadric hypersurfaces. This proves the claim. Note that
TuSX ⊂ P25 is a hyperplane such that TxX ⊂ TuSX for every x ∈ Σu by Terracini’s
lemma. In particular, if x, x′ ∈ X are two points such that pi(x) = pi(x′) then the
above argument shows that x, x′ ∈ Tpu(xx′)X ⊂ TuSX , and hence we deduce that
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pi : X99Kpi(X) is an isomorphism off X ∩ TuSX . Let B ⊂ pi(X) denote the base
locus of pi−1. As pi−1(B) ⊂ TuSX , we deduce that B ⊂ P16 is contained in a
hyperplane. We will prove in what follows that B is actually a 10-dimensional
spinor variety in P15. As pi−1(b) is a linear space for every b ∈ B and pi−1(b) ∩ Σu
is also linear, we deduce that dim(pi−1(b)) ≤ 4 for every b ∈ B since Σu does
not contain any linear space of dimension bigger that 3. Consider the incidence
variety I := {(x, y) | 〈x, y〉 ⊂ X} ⊂ Σu × pi−1(B). Since dim(Lx) = 9 for general
x ∈ Σu, dim(I) = 17 and dim(pi−1(B)) ≤ 14, we deduce that dim(pi−1(b)) ≥ 4
for every b ∈ B. Therefore dim(pi−1(B)) = 14, dim(pi−1(b)) = 4 for every b ∈ B
and dim(B) = 10. Furthermore pi−1(B) = X ∩ TuSX , as X ∩ TuSX is irreducible
since Pic(X) is generated by the hyperplane section. Let Su ⊂ G(3, 8) denote the
family of P3’s contained in Σu, which is a 10-dimensional spinor variety. Therefore
we get a morphism β : B → Su defined by β(b) = pi−1(b) ∩ Σu. We claim that β
is an isomorphism. Let us show first that β is a birational morphism. Let x ∈ Σu
be a general point and let P3x ∈ Su be a general element containing x. Then P
3
x
corresponds to a general P2 contained in Lx = S4 ∩ H ⊂ P14, and hence it is
contained in a unique P3 of Lx, namely a contact P3 of S4 ∩H . Therefore we get
a unique P4 ⊂ X containing P3x. Hence the projection from P
8
u of this P
4 gives the
inverse map β−1 : Su99KB. Finally, we show that β
−1 is given by the generator
of Pic(Su). The generator of Pic(Su) corresponding to the minimal embedding is
given by the “square root” of the Plu¨cker embedding of Su ⊂ G(3, 8). Therefore
a generator of N1(Su) corresponds to a 4-dimensional quadric cone Γ ⊂ Σu of
vertex a plane P2Γ. Let us choose a general point x ∈ P
2
Γ and let us project Γ
from x into Lx = S4 ∩ H ⊂ P14, getting a 3-dimensional quadric cone ∆ ⊂ Lx
of vertex a line P1∆. Fixing again a general point w ∈ P
1
∆, let us project ∆ from
w into Lw = G(1, 4) ∩ H ⊂ P8, getting a 2-dimensional quadric cone Λ ⊂ Lw
of vertex a point, say l. The cone Λ is contained in the Schubert cycle Ω(L,P4)
of lines meeting the line L ⊂ P4 (l ∈ G(1, 4) is a point and L ⊂ P4 denotes the
corresponding line), so Ω(L,P4)∩H gives a P5 in P8 containing Λ and intersecting
G(1, 4)∩H in Ω(L,P4)∩H (this P5 is nothing but TlG(1, 4)∩H , and we recall that
Ω(L,P4) = G(1, 4)∩TlG(1, 4) is a cone over the Segre embedding P
1×P2 of vertex
l). Going back to S4∩H , this P5 corresponds to a P6 containing every (contact) P3
determined by a plane of ∆. So going back again to X we get a P7 containing every
P4 determined by a P3 of Γ. Therefore, as P7∩P8u is the linear span of Γ, we deduce
that β−1 sends the generator of N1(Su) to a line of B and hence β
−1 : Su99KB is
given by the generator of Pic(Su). Since B ⊂ P15 is non-degenerate, this proves that
β is an isomorphism, as claimed. We now prove that pi−1 : pi(X)99KX is defined
by quadric hypersurfaces. To this aim, it is enough to show that a line in pi(X) not
intersecting B is mapped by pi−1 onto a conic in X intersecting Σu in one point
only. We actually prove the converse. Let C ⊂ X be a conic not contained in the
hyperplane TuSX , and passing through a point x ∈ Σu. If length(C ∩Σu) ≥ 2 then
either C ⊂ Σu, or else pi(C) is a point and hence C ⊂ TuSX , so we get C ∩Σu = x.
As TxX ⊂ TuSX , the plane spanned by C intersect TuSX in the line TxC. In
particular, C∩pi−1(B) = ∅ and hence pi(C) is a line not intersecting B, as required.
On the other hand, the quadric hypersurfaces defining the degenerate embedding
of B ⊂ P16 give a birational map P1699KE6 ⊂ P26 and hence we immediately get
that pi(X) ⊂ P16 is a quadric hypersurface containing B and that X ⊂ P25 is a
hyperplane section of the Severi variety E6 ⊂ P26. 
Proof of Theorem 5. If follows from Lemma 1 and Propositions 9 and 10. 
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Remark 12. Some partial results on secant defective manifolds with almost max-
imal defect δ = (n − 1)/2, following the ideas of [7] and [30], can be found in
[23].
Remark 13. A weaker statement than that of Proposition 10 has been indepen-
dently proved in a different way in [28, Theorem 5.1].
Now we can state and prove the result announced in Remark 7. First we need
an auxiliary lemma:
Definition 1. We say that X ⊂ Pr is a strong QEL-manifold if Σu ⊂ Pδ+1u is a
quadric hypersurface for every u ∈ SX .
Lemma 3. Let Φ : Pr99KZ be a special birational transformation of type (2, b). If
Y ⊂ Z is smooth then X ⊂ Pr is a strong QEL-manifold.
Proof. It follows from [5, Theorem 1.1] that W , which is the blowing-up of Pr
along X by definition, is also the blowing-up of Z along Y . Therefore, for every
u ∈ σ(EZ) = SX the entry locus Σu is a quadric hypersurface of dimension δ (cf.
Corollary 1(ii)). 
Remark 14. If Y ⊂ Z is singular then X ⊂ Pr may not be a strong QEL-manifold.
For instance, this is the case of Example 1 with n ≥ 2.
Corollary 5. If Φ : Pr99KZ is a special birational transformation of type (2, b) onto
(a linear section of) a rational homogeneous variety different from a projective space
and a quadric hypersurface then one of the following holds:
(i) X ⊂ P6−s is a codimension-s linear section of a degenerate Segre embedding
of P1×P2 and Z is a codimension-s linear section of G(1, 4) for s ∈ {0, 1, 2};
(ii) X ⊂ P2n is a degenerate Segre embedding of P1×Pn−1 and Z = G(1, n+1);
(iii) X ⊂ P10−s is a codimension-s linear section of a degenerate Plu¨cker em-
bedding of G(1, 4) and Z is a codimension-s linear section of S4 for s ∈
{0, 1, 2, 3};
(iv) X ⊂ P16 is a degenerate minimal embedding of S4 and Z = E6;
(v) X ⊂ P2n+2 is a rational normal scroll of degree n+3 and Z = G(1, n+2).
Proof. As δ(Z) ≥ 2 by Lemma 1, we deduce from [16] that Z is a codimension-s
linear section of either a Grassmannian of lines, or the 10-dimensional spinor variety
S4, or the E6-variety. Then we apply Propositions 4, 5 and 6, respectively.
If Z is a a codimension-s linear section of G(1, q+1) then either b = 1, δ = 2−s,
s ∈ {0, 1, 2} and n = q − s, or b = 2, δ = 0, s = 0 and n = q − 1. In the first case,
X ⊂ Pr is degenerate (see Corollary 2(iv)) and Lz ⊂ Pr−1 is projectively equivalent
to X ⊂ Pr−1. Since Lz ⊂ Pr−1 is a codimension-s linear section of P1 × Pq−1, the
same is true forX ⊂ Pr−1 and hence Y = G(1, q−1) ⊂ Z (cf. [32, Ch. III, Theorem
3.8]). In particular, Y is smooth and we deduce from Lemma 3 that X ⊂ Pr−1 is
a strong QEL-manifold. Having in mind that every entry locus of X ⊂ Pr−1 is a
quadric hypersurface (namely a linear section of the corresponding entry locus of
P1 × Pq−1), we get that either s = 0 (as in Theorem 1), or else one immediately
deduces q = 3 and s ∈ {1, 2}. This gives cases (i) and (ii). On the other hand, in
the second case we get case (v) by Theorem 1.
If Z is a codimension-s linear section of S4 then either b = 1, δ = 4 − s, s ∈
{0, 1, 2, 3, 4} and n = 6 − s, or b = 2, δ = 0, s = 2 and n = 3, or b = 3, δ = 0,
s = 0 and n = 4. In the first case, Lz ⊂ P9−s is a codimension-s linear section of
G(1, 4) and hence the same is true for X ⊂ P9−s. Therefore Y = P4 ⊂ Z (cf. [32,
Ch. III, Theorem 3.8]) and we deduce from Lemma 3 that X ⊂ P9−s is a strong
QEL-manifold. Therefore either s = 0 (as in Theorem 2), or else we claim that
s ∈ {1, 2, 3}. Actually, a codimension-s linear section of G(1, 4) has Picard group
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generated by the hyperplane section for s ∈ {1, 2, 3} and hence it does not contain a
codimension-1 quadric hypersurface. On the other hand, if s = 4 then X ⊂ P5 is a
Del Pezzo surface, which is not a strong QEL-manifold as it is swept out by conics.
This proves the claim and gives (iii). The second case is ruled out by Theorem 5,
and the third case was ruled out in Theorem 2.
Finally, if Z is a codimension-s linear section of E6 then either b = 1, δ = 6− s,
s ∈ {0, 1, 2, 3, 4, 5, 6} and n = 10 − s, or b = 2, δ = 0, s = 4 and n = 5, or b = 2,
δ = 1, s = 1 and n = 7, or b = 3, δ = 0, s = 2 and n = 6, or b = 4, δ = 0, s = 0 and
n = 7. In the first case, arguing as before one gets that X ⊂ P15−s is a codimension-
s linear section of S4 for s ∈ {0, 1, 2, 3, 4, 5, 6} and Y ⊂ Z is an 8-dimensional quadric
hypersurface (cf. [32, Ch. III, Theorem 3.8]). In particular, X ⊂ P15−s is a strong
QEL-manifold. We claim that this happens only for s = 0. To prove the claim, it is
enough to show that X ⊂ P15−s is not a strong QEL-manifold for s = 1. Consider a
spinor variety S4 ⊂ P15. The family of 6-dimensional quadric hypersurfaces in S4 is
an 8-dimensional quadric hypersurface Q8. Then there exists a globally generated
rank-8 vector bundle E on Q8 giving an embedding Q8 → G(7, 15). Note that E is
the dual of a spinor bundle on Q8 (see [24, Definition 1.3 and Theorem 2.8]) and
hence c8(E) = 1 (see [24, Remark 2.9]). This means that a general hyperplane
section of S4 ⊂ P15 contains exactly one 6-dimensional quadric hypersurface, so in
particular every X ⊂ P15−s is not a strong QEL-manifold for s ≥ 1, proving the
claim and giving (iv). The cases where b = 2 are ruled out by Theorem 5 and the
last case was ruled out in Theorem 3, so we focus on the case b = 3, δ = 0, s = 2
and n = 6. In this case, we argue as in Theorem 2. Consider Xp ⊂ Lz ⊂ P
13 where
Lz ⊂ P13 is a codimension-2 linear section of S4 ⊂ P15. For a general p′ ∈ P13
the entry locus (relative to Lz) is a 4-dimensional quadric hypersurface Σp′ ⊂ P5p′
intersecting Xp in a surface. Let P
6
pp′ := 〈p,P
5
p′〉. Then Φ : P
14
99KZ restricted to
P6pp′ ⊂ P
14 is a birational transformation onto a 6-dimensional quadric hypersurface
Φ(P6pp′) ⊂ Z, namely a fibre of the tangential projection of Z onto an 8-dimensional
quadric hypersurface. Repeat the construction taking a general p′′ ∈ P13 such that
Σp′∩Σp′′ is a P2 (note that this is always possible). Then we deduce that P6pp′∩P
6
pp′′
is a linear P3 in P14 and we conclude as in Theorem 2. 
Remark 15. Secant defective LQEL-manifolds are expected to be non-linearly
normal secant defective QEL-manifolds (see Remark 8), and secant defective QEL-
manifolds are expected to be (again by the lack of examples) linear sections of
secant defective rational homogeneous varieties (cf. [14, Remark 3.8]). If this con-
jecture is true then Corollary 5 gives a complete classification of special birational
transformations of type (2, b) onto prime Fano manifolds different from quadric hy-
persurfaces in the boundary case δ(Z) = 2b+(2b− 1)δ of Lemma 1. Therefore, the
following question arises:
Question 1. Is there any special birational transformation Φ : Pr99KZ of type
(2, b) such that δ(Z) > 2b+ (2b− 1)δ?
We believe that special birational transformations Φ : Pr99KZ defined by quadric
hypersurfaces are very rare objects, specially if Z is neither a projective space
nor a quadric hypersurface. This is due to a couple of facts. First, one needs
to find a good candidate base locus X ⊂ Pr giving a birational transformation
(and hence satisfying Proposition 2). Secondly, and what is more important, one
has to show that the resulting Z is smooth. This is automatic if Z = Pr, but
in view of Proposition 7 it seems to be a very restrictive condition as soon as
Z 6= Pr. Concerning Question 1, the answer is negative for b = 1, as in this case
X ⊂ Pr is degenerate and Lz ⊂ Pr−1 is projectively equivalent to X ⊂ Pr−1 by
Corollary 2(iv), and hence δ(Z) = 2 + δ (cf. Remark 5). On the other hand, for
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b = 2 we present below some examples in which X ⊂ Pr is a good candidate and
δ(Z) > 2b+ (2b− 1)δ but Z turns out to be singular. In these examples SX ⊂ Pr
is still a cubic hypersurface, so Z is a normal variety of Picard number one and
covered by lines with only Q-factorial and terminal singularities:
Example 3. (i) Let X ⊂ P(3n+s)/2+2 be a linear section of a Severi variety of
codimension 2 ≤ s ≤ δ. Then a basis of IX(2) gives a birational transformation
of P(3n+s)/2+2 onto a singular complete intersection in P3(n+s)/2+2 of s quadric
hypersurfaces, as hyperplanes are mapped to quadric hypersurfaces in the Cremona
transformation given by the Severi varieties. In this case, δ = (n − s)/2 and
δ(Z) = 3 + s+ 3δ.
(ii) Let X ⊂ P2n+2 be a hyperplane section of the Segre embedding P1 ×Qn ⊂
P2n+3, where Qn ⊂ Pn+1 is a quadric hypersurface of dimension n ≥ 2. Then a
basis of IX(2) gives a birational transformation of P
2n+2 onto a singular complete
intersection in P(n
2+3n+6)/2 of a quadric hypersurface and the cone over G(1, n+
1) ⊂ P(n
2+3n)/2 of vertex a plane. In this case, δ = 0 and δ(Z) = 5.
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